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Abstract-A well known techntque for classtfymg the dsymptotlc behavtor of sohmons of ordmary 
dlfferenttal equattons LS extended to hyperbohc chdractertstlc mltldl vdlue problems 
1 INTRODUCTION 
For ordinary differential equations of the form 
d”u 
z + f(--G u) = 0 
d”u 




It 1s important to be able to classify eventually positive solutions m terms of their asymptotic 
behavlour In case uf(x, U) 1s of constant sign, a well known lemma of Klguradze[l] provides 
such a classification m terms of an integer k, 0 % k 5 m, for which 
4x1, u’(x), , UCk’(X) 
and 
- u(k+‘)(X), u’k+yx), -lP+yx), ) (- l)m%(m’(x) 
are eventually posltlve--1 e such that there exists an alternation of sign m denvatlves of order 
greater than k In [2] solutions of this type are said to belong to class Pk 
We shall be interested m estabhshmg condltlons under which certain charactenstlc mltlal 
value problems associated with 
D?D;u + f(x, y, u) = 0 (1 2) 
have solutions which allow an analogous classification In (1 2) we use the notation D$ = 
$, D; = 5 and assume f(x, y, U) to be contmuous and satisfy uf(x, y, U) > 0 for x 2 0, 
y 2 0 and u # 0 By a solution of (1 2) we shall mean a classical solution for which 
D;D$u 1s continuous m W’ X R’forO51ImandOS~In 
Motivated by the notatlon of [2] we say that a solution of (1 2) is of class P,, , If there 
exist X 2 0 and Y 2 0 such that 
u, Dlu, , D:u, -D{+‘u D:+=u 9 9 , (- l)m-kDD;lu 
and 
u, Wu, > Dh _D1+lu Di+Zu 2 7 2 7 , (- I)“-‘Dqu 
are positive for all x > X and v > Y The closely related question of the existence of bounded 
solutions of (1 2) has been considered in [3] 
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The charactenstlc mltlal value (CIV) problem for (1 2) consists of (1 2) together with 
Cauchy data m x along the charactenstlc x = 0 and Cauchy data m y along the charactenstlc 
Y = 0 More precisely, a umque solution of (1 2) is determmed by charactenstlc data of the 
form 
1 DiU(O, Y) = V,(y) fory 2 0, 05zsm-- 1, 
D$u(x, 0) = p,(x) for x z 0, OsJ’n - 1 (1 3) 
We shall assume that w,(y) 1s of class C”-’ and that q,(x) 1s of class Cm-’ on [0, =) In order 
to assure the equality of mlxed partial denvatlves at the ongm it is also necessary to Impose 
the compatlblhty condltlons 
f@(O) = l//;"(o) 
forOrISm- landO~~(n- 1 
An obvious necessary condmon for a solution u(x, y) to belong to class Pk 1 IS that 
PO(X) E Pk and We(Y) E PI (1 4) 
Furthermore, m case f, rp,, 3 (Pn-11 WI7 v/,,,_, are all ldentlcally zero, (1 2) has the 
solution U(X, y) = cpo(x) + we(y), so that (1 4) lb also sufficient 
These observations uggest he posslblhty of lmposmg “smallness condltlons” on f, q,, 
f fP)n-I, WI, v/,,,- , under which (1 4) assures the existence of a solution m Pk , The 
results to be presented here will be of this type 
2 THE SECOND ORDER CASE 
In the case m = n = 1, the preceding discussion reduces to the conslderatlon of 
4, + fk YT u) = 0 (2 1)’ 
or 
4, - fk YY u) = 0 (2 I)- 
SUbJeCt to mltial data of the form 
4x9 0) = q(x), 407 Y) = V(Y) (2 2) 
and the compatlblhty condltlon 
do) = K = w(O) (2 3) 
If 
$0) > 07 (P’(x) < 0, W(Y) > 07 V'(Y) < 0 (2 4) 
for x > 0, y > 0, It IS reasonable to seek addltlonal hypotheses on f which wdl assure the 
existence of a solution m PO o 
THEOREM 2 1 
Suppose f(x, y, u) LS nondecreasmg m u for u > 0 and that the mtlal data for (2 I)+, 
(2 2) sattsjies (2 3) and (2 4) If 
’ f(t, rlv K) drl d5 < v(x) + v(y) - K (2 5) 
for all x > 0, y > 0, then the corresponding solutlon belongs to PO o 
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Proof Writing (2 l)+, (2 2) m the Integral form 
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u(x, y) = (p(x) + V/(Y) - K - f(t, rl, u(t, ~1) drl dt (2 6) 
we clearly have 0 < u(x, y) < K for small posmve values of x and y To see that this mciuslon 
holds for all x > 0, y > 0 we suppose the existence of (x0, yO) such that u(x,, yo) = 0 or K 
but for which we have 0 < U(X, y) < K in {(x, y)lO < x < x0, 0 < y < yo} Since (D and t,u 
are decreasmg, we obtain the mequahtles 
K ’ P(XO) + W(YO) - K - f(t, v, u(T, ~1) drl dt 
= dxo, yo) 2 ho + y(yo) - K - f(T, rl, K) dq d<, 
where the last term IS posltlve by (2 5) This provides the desired contradlctlon Having 
established that 0 < u(x, y) < K for all x > 0, y > 0, it now follows from the integral rep- 
resentation (2 6) that 
4(x7 Y) = (D’(x) - I ’ f(x, ‘13 4x, v)) drl < 0 0 
4(x, Y) = W’(Y) - I ’ f(53 Y, UC<, Y)) dt < 0, 0 
so that u does belong to PO o 
In dealing with (2 l)- somewhat different hypotheses are requu-ed 
THEOREM 2 2 
Suppose f(x, y, u) IS nondecreasmg m u for u > 0 and that the mtlal data for (2 l)-, 
(2 2) satrsjies (2 3) and (2 4) If 
(1) J,I f(x, v, K) dq 5 -q’(x) for all x 2 0, 
(11) .I$ f(r, Y, K) dr 5 - W’(Y) for ally 2 0 and, 
(1~) q(x) + v(y) - K 2 0 for all x > 0, y > 0, 
then the correspondmg solution belongs to PO o 
Proof We again begin by establishing the inclusion 0 < U(X, y) < K for all x > 0, y > 0 
From the integral equation 
~6, Y) = v(x) + W(Y) - K + 
and hypothesis (m), rt follows readily that we cannot have u(xo, yo) = 0 for any x0 > 0 and 
y. > 0 The integral equation also yields 
407 Y) = f?‘(x) + I ’ f(x, II. ~0, 9)) dv 0 
so that by (1) and (ii) u,(O, 0) < 0, u,(O, 0) < 0 and there again exists a neighborhood of 
(0, 0) m which U(X, y) < K To show that U(X, y) < K for all x > 0, y > 0, we assume 
the existence of an (x0, yo) for which u(xo, yo) = K but such that u(x, y) < K d x < x0 and 
y < y. Usmg the fact that f is nondecreasmg m U, this leads to 
u,(x, y) 5 V’(X) + 
I 
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‘4(X? Y) 5 V'(Y) + I r f(s’, v, K) di 5 0 0
for 0 I: x 5 x0 and 0 5 y 5 y. Given (2 4), these mequahtles preclude the posslblllty that 
u(x,,, yo) = K Having shown that 0 < u(xo, yo) < K for all x > 0 and y > 0, the above 
inequalities for u, and u, are valid for dll x > 0 and y > 0 and thereby show that u E PO o 
In case (2 4) 1s replaced by 
q(x) > 0, p’(x) > 0, V(Y) > 0, V’(Y) > 0 (2 7) 
for x > 0, y > 0, it IS reasonable to seek cntena which will assure the existence of solutions 
in PI I In the case of (2 I)- it IS clear that no additional hypotheses are required However, 
m the case of (2 l)+ one must again place restnctlons on the size and character of f 
THEOREM 2 3 
Suppose f(x, y, u) IS nonrncreasrng in u for u > 0 and that the mrtral data of (2 I)+, 
(2 2) satzsfes (2 3) and (2 7) ff 
” f(r, rl, K) d5 dv < v(x) + v(y) - 2K (2 8) 
and 
p’(x) ’ I ’ fk rlt K) dv 0 
u/‘(y) > 
for all x > 0, y > 0, then the torrespondrng solutlon belongs to P, , 
Proof Wnting (2 l)-, (2 2) as an integral equation 
u(-h Y) = rp(x) + ~0’) - K - 
(2 9) 
(2 10) 
we clearly have u,(O, 0) = v’(O) > 0, u,(O, 0) = v’(O) > 0 so that u(x, y) > K for sufficiently 
small x > 0 and y > 0 To show that u(x, y) > K for all x > 0 and y > 0, we agam suppose 
the existence of a mmlmal (x0, yo) such that u(xo, yo) = K Since f IS assumed nonmcreasmg 
in u, this yields 
K = 4x,, y,,) 1 &o) + V(YO) - K - f(5, rl, K) dr drl, 
which contradicts (2 8) Therefore u(x, y) > K for all x > 0, y > 0, and the posltlvlty of u, 
and u, follow readily from (2 9) by dlfferentlatmg (2 10) 
We can prove the existence of a global posmve solution of (2 I)+, (2 2) by strengthening 
the hypothesis (2 5) of Theorem 2 1 to the following 
(H) There exists a positive constant B < K such that 
” f(t, rl, K) dq d5 5 P(X) + y(y) - K - B 
for ail x > 0, y > 0 
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Assuming f(x, y, U) 2 0 for all x, y, u, another way to state this IS 
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where rp,, v, are the hmlts at CC of 
fact, define 
g(x, Y) = (P(x) + 
Then g(0, 0) = K > 0 and g(x, y) 
x > 0, y > 0 by (H’), lmplymg (H) 
Jo Jo 
the positive decreasing functions (D, I,V, respectively In 
IS decreasing m either vanable, so g(x, y) > B for all 
The ongmal hypothesis (2 5) of Theorem 2 1 can be rewritten m the form 
BrO (2 5’) 
THEOREM 2 4 
Suppose that f(x, y, u) IS nondecreasing in u E (0, m) for each x 2 0, y 2 0 and that 
(2 3), (2 4), (H’) hold Then (2 l)+, (2 2) has a posltzve sol&ton u(x, y) satrsfyrng B 5 
u(x, y) 5 Kfor all x L 0, y 2 0 
Proof Let .4 denote the Banach space of all continuous functions w on R+ x R+ such 
that 
Let J be the closed bounded convex subset of Z? defined by 
J = {w E & B I w(x, y) 5 K tlx 2 0, y 2 0) 
Let T be the mapping on J given by 
(Tw)(x, Y) = v(x) + W(Y) - K - 
Then T maps J into J, for if w E J, then, smce f(x, y, w) 1s nondecreasmg m w, 
(Tw)k Y) 2 v(x) + W(Y) - K - 
by (H), and also 
(Tw)(x, Y) 5 ~(0) + w(O) - K = K 
Standard procedure[21 estabhshes the contmulty of T and the relative compactness of 7I:/ m 
arbitrary compact subsets of the posltlve quadrant Then T has a fixed point u(x, y) m J by 
the Schauder fixed pomt theorem, satisfying (2 6), and dlfferentlatlon of (2 6) shows that 
u(x, y) is a classical solution of (2 l)‘, (2 2) m R+ x R+ 
A similar global existence theorem can be wntten for (2 l)-, (2 2), or for the sltuatlon 
m Theorem 2 3 
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3 HIGHER ORDER EQUATIONS 
In the general case of 
D?D;u + f(x,y, u) = 0 
DTD;u - f(x,y, u) = 0 
saUsfymg (1 3). the homogeneous eqmon DyDlu = 0 has the solution 
(3 I)- 
(3 I)- 
Smce the cross product erms m the double summation will comphcate attempts to fmd solutions 
mapamcular&I, it 16 natural to consider mihal data of the form 
{ 
Mx, 0) = q(x). Dju(x.0) = Oforj = 1, ,R - 1 
MO. Y) = Iy(Y), D\U(O, y) = 0 fort = 1, , m - I 
(3 2) 
m estabhshmg the existence of such solutions ln the case of such mitral data. the IVP (3 l)+ , 
(3 2) 16 eqmvalent to the integral equauon 
u(x, Y) = BP(X) + W(Y) - K 
T (m 
- O”-‘(Y - W-‘f(& rl, u<t, ~1) dtl dC (3 3) 
AsmSectlon2,weneedtotreat~lythecasesuEPooanduEP~,,O~k~m, 
0 < 1 I A The compaubd~ty condmon (2 3) IS assumed throughout The followmg notation 
wlll be used 
- D’(Y - tl)‘fG rl, K) dtl d5, 
(Y - q)‘f(x, rl, K) drl, 
T)‘fG Y, K) d<. 





Qp E c.YO, =) r-l PO, v E cqo, 00) n PO 
0 < Mx, y, m - 1, a - 1) < q(x) + My) - K. 
0 < H(x, y, m - 1 - I, R - 1) e q@‘(x) for all x > 0, y > 0, 1 = 2,4, 
M’ - 1, 
0 < 0-G y, ?J - I)<~‘(x)f~altx>O,y>O~fmseven, 
, 
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(4) 0 < H(x, y, m - 1, n - 1 - J) < w”‘(y) for all x > 0, y > 0, J = 2, 4, , 
N’ - 1, 
O<J(x,y,m - l)<y/‘“~(y)forallx>O,y>O~fn~seven 
In particular, (2) implies that 
q+‘)(x) > 0 for I = 0, 2, , M, 
q(‘)(x) < 0 for z = 1, 3, , M’, 
t,&‘(y) > 0 forj = 0, 2, , N, 
t//“‘(y) < 0 forj = 1, 3, , N’ 
THEOREM 3 1 
If u IS a solutzon of (3 l)+, (3 2) satrsfymg hypotheses Hi0 then u E PO 0 
Proof In view of H,‘, (1) and (3), the corresponding proof m Section 2 shows that 0 < 
U(X, y) < K for all x > 0, y > 0 Drfferentlatlon of (3 3) yields 
(x - @-I-’ (y - q)“-’ 
(m - 1 - [)I (n - 1)’ 
f(L 9, u(t-, rl)) dv dt, 
(3 4) 
2 = 1,2, ,m- 1 
Smcey,EP,,,D’,u(x,y)<Oforeachl = 1,3, , M’ Smce 0 < u(x, y) -C K, hypotheses 
(l), (3), and (3 4) show that 
D;u(x, y) 2 q”)(x) - H(x, y, m - 1 - z, n - 1) > 0 
for all x > 0, y > 0, I = 2, 4, , M’ - 1 Slmllarly, rf m 1s even, 
ww9 Y) z (d”‘(x) - Z(x, y, n - 1) > 0 
The same argument, using hypotheses (4) instead of (3), shows that D$u(x, y) < 0 for] = 1, 
N’ and Dl,u(x, y) > 0 for J = 2, 
u&J 
, N’ - 1, and n (if n IS even) This means 
To prove the existence of solutions u E PO 0 m the case of (3 l)- the hypotheses are 





H& (1) and (2) hold, and q(x) + v/(y) 2 K for all x > 0, y > 0, 
0 C H(x, y, m - 1 - I, n - 1) < -p”‘(x) for all x > 0, y > 0, z = 1, 3, , 
M - 1, 
0 < Z(x, y, n - 1) C -q’“‘(x) for all x > 0, y > 0 if m 1s odd, 
O<H(x,y,m - 1,~ - 1 -J)’ -y/(J)(y)forallx>O,y>O,~ = 1,3, , 
N - 1, 
0 < J(x, y, m - 1) C - t$“‘(y) for all x > 0, y > 0, if n 1s odd 
THEOREM 3 2 
If u 1s a solution of (3 l)-, (3 2) satzsjjung Hoe, then u E PO 0 
The proof 1s similar, using the method of Theorem 2 2 
We now prove the existence of solutions of (3 1)’ of class Pk ,, k = 1,2, ,m,l= 1, 
2, ,n 
HYPOTHESES H;, , lrk5m,lrlsn 
(1) f(x, y, U) 1s nonmcreasmg m u E (0, m) for each x > 0, y > 0 
(2) ~1 E cyo, q n P,, V/ E cyo, ~1 n P, 
246 K KREITH and C A SWANSON 
(3) 0 < H(x, Y, m - 1, n - 1) C V(X) + v/(y) - 2K, 
0 < H(x, y, m - 1 - I, n - 1) < I@‘)(X) 
for all x > 0, y > 0, 1 = 1, 2, ,k,k+2,k+4, ,M;,- l,where 
h4’ 
m-l if m - k IS even 
km = m If m - k IS odd, 
0 < Z(X, y, n - 1) < q,‘“‘(x) for all x > 0, y > 0 if m - k 1s even 
(4) 0 < H(x, y, m - 1, n - 1 - J) < v/“‘(y) for all x > 0, y > 0, J = 1, 2, , 
1, 1 + 2, 1 + 4, , N;, - 1 where 
if n - 1 IS even 
If n - 1 1s odd 
0 < J(x, y, m - 1) < v/‘“‘(y) for all x > 0, y > 0 If n - 1 is even 
THEOREM 3 3 
If u satisfies (3 l)+, (3 2), and H:, for 1 I k 5 m, 1 I 1 5 n, then u E P, , 
Proof From (3 3), D,u(O, 0) = (o’(O) > 0 and D&O, 0) = ~‘(0) > 0, whence 
u(x, y) > ~(0, 0) = K in some rectangle 0 < x < a, 0 < y < b If u(xO, yO) = K but 
U(X, y) > K for all x, y in 0 < x < x0, 0 < y < yo, then (3 3) and Hypothesis fZ:( (1) would 
give 
K = u(xo, yo) 2 q(xo) + W(YO) - K - H(x, y, m - 1, n - I), 
contradlctmg H;, (3) Hence u(x, y) > K for all x > 0, y > 0 
Since (p E Pk, @‘)(x) < 0 for each I = k + I, k + 3, , ML,, and (3 4) shows 
that D’,u(x, y) < 0 for such integers I Hypotheses H;, (1) and (3), (3 4), and the fact that 
u(x, y) > K yield 
D’,u(x, y) 2 Q(‘)(X) - H(x, y, m - 1 - I, n - 1) > 0 
for all x > 0, y > 0, 1 = I, 2, 
even, 
, k, k + 2, k + 4, , ML m - 1 Also, if m - k 1s 
D;u(x, y) I q.+“‘(x) - 1(x, y, n - 1) > 0 
A similar proof shows that D$u(x, y) < 0 forJ = 1 + 1,l + 3, , N;, and D$u(x, y) > 0 
forJ = 1, 2, , 1, 1 + 2, , N, - 1 and n (if n - 1 IS even) 
Hypotheses slmllar to those m Theorem 3 3 can be given to guarantee the existence of 
solutions of (3 l)- in the class PI,, 
To prove the existence of global positive solutions of (3 l)+ , (3 2), for example, we need 
to strengthen H,+, (3) to the type (H) (or (H’)) 
0 < H(x, y, m - 1, n - 1) I q(x) + v(y) - K - B (3 5) 
for all x > 0, y > 0, where 0 < B < K Another way to state this IS 
B ck=’ q~ + vv, -K - H(a,m,m - 1,n - I)>0 (3 6) 
THEOREM 3 4 
If f 1s as m Theorem 2 1 and (2 3), (2 4), and (3 6) hold, then (3 I)‘, (3 2) has a posltwe 
solution u(n, y) satrsfyrng B 5 u(x, y) 5 K for all x 2 0, y 2 0 
The proof IS as m Theorem 2 4 
A slmllar global existence theorem could be wntten for (3 l)- , (3 2) 
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These techntques can also be combmed to estabhsh the existence of solutions of class P, , 
for 1 5 1 5 n and PI o for 1 5 k 4 m In the former case we formulate hypotheses H,‘, by 
combmmg (I), (2) and (3) of H,+, with (4) of H:, As m the proof of Theorem 3 1 we show 
thatD;u(x, y) < 0 for each l = 1, 3, M’, and D’,u(x, y) > 0 for each z = 2, 4, 
M’ - 1, m (if m 1s even) The proof of +heorem 3 3 can then be modified by usmg 0 G 
u(x. y) < K and f(x, y, u) nondecreas~~g in u (instead of u(x, y) > K and f(x, y, u) nonm- 
creasing m U) to yield 
D$u(x,y)<Ofor/ = 1 + 1,I + 3, ,N,‘,, 
Dju(x, y) > 0 for) = 1, 2, , 1, 1 + 2, , N,‘, - 1, n (if n - 11s even) 
Hypotheses H,+, (1 5 k 5 m) are identical to (l), (2), (4) of H$o and (3) of H;, This 
will give a solution u E Pk o 
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